GENERALIZED CHARACTER SUMS ASSOCIATED TO 
^ - REGULAR PREHOMOGENEOUS VECTOR SPACES 
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■^ , The purpose of this note is to give a short derivation of the finite field analogue of 

jy-s ' Sato's functional equation for the zeta function associated with a prehomogeneous 



< 



a 






vector space (see 16 ). We restrict ourselves to the case of a regular prehomoge- 
neous vector space, however, we allow to twist our character sums by local systems 
associated to arbitrary representations of the component group of the stabilizer of 
a generic point. The main idea of our approach is to use the Picard-Lefschetz for- 
(-H , mula in l-adic cohomology instead of using a lift of a prehomogeneous space to the 



characteristic zero (as it is done in y|). Also we deduce another fu ncti onal equation 



associated with a regular prehomogeneous vector space (theorem 1.4) 



1. Preliminaries and formulation of the main results 



(^ I Throughout this paper k denotes an algebraically closed field of characteristic p, 

I — I object of the derived category of constructible Z-adic sheaves, where I ^ p (see e.g. 

pj). For a morphism f : X ^ Y we denote by /i, /*, /', /* the natural derived 
VO \ functors between the sheaves on X and Y . Often we use the notation F{f) for 

^P ■ f*F where F is a sheaf on Y . For a sheaf F we denote by ^_ff* F the i-th perverse 

cohomology of F (see y]). For a scheme X defined over fco we denote by Frob^Q the 
geometric Frobenius morphism on X. Recall that according to theorem of Laumon 
(see ijljl ) if F is a sheaf on a fc-scheme X then one has the equality of two kinds of 
C^ ■ Euler-Poincare characteristics 

x{X,F)^Xc{X,F). 

By a multiplicative character of k we always mean a continuous homomorphism 

k> , from Z(l)(fc) = proj lim/^pN ]^ /xjv(fc) to Q; . For every multiplicative character 

^ • X we denote by L^ the corresponding Kummer sheaf on Gm. We will often use 

5t ! the following theorem of Deligne (see Q): for every sheaf K on Gm and every 

multiplicative character x one has xi'^m, L^ ® K) = x(Gm, K). 

If X is a character of fcg then it can be considered as a multiplicative character 
of k via the natural homomorphism Z(l)(fc) -^ fcp. Then the sheaf L^ is defined 
over fco and Frobfcg acts on the fiber of i^ at a e Gm(fco) as the scalar x(a)- 

If G is a connected algebraic group acting on X then one can define the category 
of G-equivariant perverse sheaves on X (see e.g. [|3|). More generally, one can 
consider relative G-equivariant perverse sheaves on X corresponding to the pair 
(a, x) where a : G —> Gm is a group homomorphism, x is a multiplicative character 
of k. These are perverse sheaves F such that there exists an isomorphism 

TO*F[dimG] ~ L^{a)MF[dimG] 
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of perverse sheaves on G x X, where m : G x X s- X is the action morphism (such 
an isomorphism on G x X can be chosen canonically by imposing the condition 
that its restriction to e x X is the identity, where e € G is the neutral element). If 
the action of G on X is transitive, and F is a relative G-equivariant perverse sheaf 
on X then there exists a local system £ on X such that F — C[diniX]. One can 
show that a subquotient of a relative G-equivariant perverse sheaf is again relative 
G-equivariant (the proof is similar to Q, (1.9.1)). In particular, an irreducible 
object in the category of relative G-equivariant perverse sheaves is irreducible as a 
perverse sheaf. 

Let -0 be a non-trivial additive character of fcg. We denote by L^, the correspond- 
ing Artin-Schreier sheaf on A^ (defined over fcg). Let y be a finite-dimensional 
vector space over k. Then the Fourier-Deligne transform (see |l^) of a sheaf F on 

V is the sheaf 

HF) = {P2WIF ® L4{v,v'')))[dimV] 

on the dual space V'^ , where pi are the projections of V^ x V"^ on two factors, {v, v'^) 
denotes the pairing between V and V"^ . 

For a multiplicative character x we denote 

G(x) = G(x, V) = H'ci^m, L^ ® L^). 

This is a 1-dimensional Qpspace. If x is a character of fcp then the action of the 
Frobenius on G(x) is given by 

gix) = gix, "0) = - X! x(a)V'(a)- 

a£kQ 

One has the fohowmg isomorphism of sheaves on Gm^ 

jlTUvL^) ^ G{x) 'E> L^-. (1.1) 

where ji : &,„ — > A^ is the standard embedding. Furthermore, if x is non-trivial 
then 

TUvL^)^Gix)(^jv.L^-i. (1.2) 

The facts about prehomogeneous spaces we use below are essentially contained 
in Q, we only need to make slight changes due to finite characteristics (see e.g. 
section 1 of 0). Let G be a connected reductive group over fc, y be a regular 
prehomogeneous vector space over k for G. This means that G acts linearly on 

V with an open orbit U d V and there is a relative invariant / € k[V] with the 
character a G Hom(G,G,„): f{gx) = a{g)f{x), such that F = gradlog/ gives a 
dominant map from U to V"^ . We fix such an invariant / once and for all. Often 
we consider / as a morphism U —> Gm, in particular, we consider sheaves of the 
form L^{f) on U where x is a multiplicative character. The dual space V"^ is also 
a regular prehomogeneous space for G, F induces a G-equivariant morphism of U 
onto an open G-orbit t/^ C V^ . We assume that our prehomogeneous vector space 
is separable in the sense of 0, i.e. the map F is separable and the open orbit 
morphism G — > F* : g i— > gv'^ is separable for generic u^. Then as shown in [|| 
there exists a relative invariant /^ G k[V'^] with the character a~^ and the map 
F^ — gradlog/^ is inverse to F. Moreover, in this case the closed set V\U (resp. 
F^ \ [/^) coincides with the hypersurface / = (resp. /^ = 0). Since the function 
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/^(F(a;))/(x) on U is G-invariant it should be constant, hence, we can rescale /^ 
in such a way that 

r{F{x))^f{xr\ (1.3) 

Substituting x — F'^ (x^ ) into this equation we obtain 

f{F''ix''j) = r{x)-\ (1.4) 



Since F is homogeneous of degree —1 the equation (1.3) also implies that deg/^ = 
deg/. 

Let H be the stabilizer of a point xq G U. Then G-equivariant local systems 
on U correspond to representations of the group H of connected components of H. 
For an irreducible representation p oi H let us denote by Vp the corresponding local 
system on U. 

For a multiplicative character x and an irreducible i^-representation p we con- 
sider the relative G-equivariant perverse sheaf 

Sv{x,p)=ML^if)^Vp)[n] 

on V where j : U —^ V is the natural open embedding, n — dim V. 

We want to determine the Fourier-Deligne transform of the perverse sheaf SyiXi p) 
when it is irreducible. We'll show below that this is the case for almost all x- Also 
we'll show that the restriction of JF(5y(x,p)) to C/^ is non-zero, therefore, by irre- 
ducibility T{Sv{Xi p)) is the Goresky-MacPherson extension of its restriction to U^ 
which should be of the form L^-i{f^) ® V^[n] for some irreducible G-equivariant 






sheaf V^ = Vpv on C/^. It follows that for generic x one has 



^{Svix^p))- Sv'ix -.P 
Our main problem will be to determine p^ . We'll show that it doesn't depend 
on x but only on p. Furthermore, notice that there is a natural isomorphism 
between the stabilizer iJ of a point x £U and the stabilizer of the point F{x) e U"^ 
(since F is G-equivariant). Thus, V^ corresponds to some irreducible representation 
of H depending only on the original representation p. The explicit form of this 
dependence it given in the following theorem. 

Theorem 1.1. There exists a homomorphism e : i/ — > {±1} such that 
(a) for almost all multiplicative characters x one has 

T{Sv{x.p))^SvAx'\^®p)- (1-5) 

(h) for all characters x one has 

ij^r:F{Syix,p))^{frSv.ix~\e^p). (1.6) 

Now assume that our prehomogeneous vector space and a relative invariant / 
are defined over a finite field fcg and assume that [/(/cq) is non-empty (then /^ is 
also defined over fcg). Then for every character x of fcg the sheaves SyiXi p) can be 
equipped with the natural action of Frobenius but the isomorphism ( |l.6| ) is not in 
general compatible with the action of Frobenius on LHS and RHS. The difference 
between two actions is given by a non-zero constant depending on x- We will show 
that this constant is essentially a product of some Gauss sums. Then considering 



the traces of Frobenius acting on both sides of (|L6|) one derives some identities for 
character sums. Here is a more precise formulation. Let us fix a point xq S U{kQ). 
Then there is a natural action of Frob^^ on the component group H. Let p be an 
irreducible representation of if in a Q;-space W. 
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Definition. An action of Frob/jg on the representation p is an operator A e GL(Ty) 
such that 

p{¥mhkM)=A-^p{h)A 

and A^ = id for some N > 

Remark. An action of Frob^^ on p exists if and only if iJ- representations po Frobfc^ 
and p are isomorphic. 

Let us fix an action of Frob/c^ on p. Then A descends to an isomorphism of 
G-equivariant local systems Frob^^^ Vp ^^Vp. Notice that our assumption A^ = id 
implies that the Weil sheaf Vp is pure of weight 0. For every finite extension fci of 
fco and X E U{ki) we define a conjugacy class px in GL(M^) as follows: choose an 
element g € G/Ho^ko) such that gxo — x (where Hq is the identity component of 
H), then Frobfc^(g) — gh for some h E H/Hq = H, now p^ is the conjugacy class 
of yl['=i^'="V(^"^)- Then we have 

Tr(Frobfc,,(Vp),)=Tr(p,). 

We apply similar constructions to the dual prehomogeneous space V^ taking as 
a fixed point Xq = F{xo) E C/^(fco)- Also we fix a square root of |fco| in Qi ■ This 
leads to a choice of a square root of |fci| for every finite extension fco C fci. Recall 
that an algebraic number a E Qi is called pure of weight w relative to |fco| if for 
any isomorphism i : Qi ^ C one has \i{a)\ = j/col™'^. 

Theorem 1.2. For every irreducible representation p of H equipped with an action 
o/ Frobfeo there exists a finite extension fcg o/ fco, two collections of characters of 
(/cq)*-' (''^1, • • ■ , Am+d) and {pi, . . . ,pm), where d = deg(/), and a constant C G Q; 
of weight 0, such that for every finite extension fci of fcp and for every character x 
of kl one has 

(-l)'V^ E Tr(p,)x(/(x))^(r(x,x^)) = C''^^'"lx 

xfEU{ki) 

"f( 9ixiX.oN)) , - gix-H,,oN)) ^^((p^ .)..);,-((-l)"7^(x^)) (1.7) 
i=i v9 j^i V9 

for every a;^ E U'^{ki), where q — |fci|, T : ki —^ kg is the trace, N : k^ ^^ (^o)* *'^ 
the norm. Furthermore, if x is different from all the characters X^ o N and pj o N 
then the sum in the LHS vanishes for cc^ in the complement to C/^ . 

Remarks. 1. If all the characters Xi and pj are compositions of the norm homo- 
morphism and some characters of a subextension fcg C fcp then one can replace fcg 
by fcg in the above formulation. 

2. In the case when p is trivial and the prehomogeneous space is obtained by 
reduction from characteristic zero, according to H one has to = in the identity 
([L7|). Also in this case ^ is a root of unity. We don't know whether this remains 
true for arbitrary representation p. 

Corollary 1.3. Let x be one of the characters X^ or pj. Then 

nJ<ALjf)^Vp[n]))\u^^O. 
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Proof. This follows easily from the fact that the weight of the RHS in (1.7) drops 
for such X- Indeed, in this case the pure perverse sheaf of weight 2n 

•^0!*(ix(/)®"^pW))lc/v 

is a quotient of the perverse sheaf 

which is pure of weight < 2n, hence the former sheaf should be zero. D 

As before we fix a square root of |A;o| in Q; . This allows to define the square 
root of the Tate twist F i-^ F{^) which multiplies the action of Frobfe^ by |fco|^2 . 



Theorem 1.4. Keeping the notations of theorem l.i for every character x of {k'o) 



u' ^* 



one has the following isomorphism, of sheaves over /cq; 
^3\*{L^{—. 7 ) «) L^{— 7 ) ® Vp(x) (g) 

^1 ■ ■ ■ ^m~\-d ti . . . 'Crn-^-d 






j 

_-i\m+d-i-\/ j-V 

/v(xVK...uV 



(_T\m+dj-V j-V 

L. c ''- • • r' )^ v,.(xV) (g)L..(-tr) ^ (8)i-.,(-<)) 



w/iere j : C/ x G^+'' ^ F x a2"+'' (^resp. j^ : t/^ x 0^™+'' -^ y^ x A^^+'^j 
is t/ie natural open embedding, (x,ti, . . . ,tm_|_d,ui, . . . ,Um) are the coordinates on 
yx^2m+d^ (x^,t^, . . . ,^+^'"1"' ■ • • '^'m) are the dual coordinates on F^x 4^™+'', 
C'^'^s js ^/jg geometrically constant sheaf of rank 1 on which Frobfc^ acts as ^['^i^'^o]^ 
j!* denotes the Goresky-MacPherson extension (conjugated by an appropriate shift). 

Remark. In the situation of the above theorem one can construct also the following 
isomorphism of sheaves: 

^J\*[L^( — 7 7 ) ® L^{-. 7 ) ® 

t-l ■ ■ . hn+d-l ti . . . lm+d-1 

m-\-d—l m J 

V,{x)<E> (g) i,,(t-i)0(g)L,^(uTi))(rn+^)^C'^<=s^ 

Jwi^^i 7^ W ) '^ ^X-rr^ + A W W ) ® 

^1 • • • ''m+d-1 ii . . . f-m+rf-l 

m+d— 1 r?i 

Vpe(a;^)® (g) iA.Hr)®(8)iM.(-0®ix(-C+d)) 
-i=l j = l 



The proof is completely analogous to that of theorem 1.4 



2. Auxiliary results 

Lemma 2.1. For almost all x the perverse sheaf Sv{Xt p) ^s irreducible. 
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Proof. Consider the closed embedding i : U ^ V x G^ such that 1(2;) = {x, f{x)). 
Let K = i^Vp. Then according to || Theorem 2.3.1 (based on d (6.5.2)) the 
canonical map 

is an isomorphism for almost all x- Hence, the canonical map 

ML^if) ® Vp)[n] ^ ML^if) ® Vp)[n] 

is an isomorphism for almost all x- Therefore, for almost all x the sheaf SviXiP) 
coincides with the Goresky-MacPherson extension of an irreducible perverse sheaf 

Remark. To find explicitly the finite set of multiplicative characters x for which 
SviXj P) is i^ot irreducible is a difficult problem. When p ~ 1 this set can be found 
from the Bernstein polynomial of / (see M). In general one can at least assert 
that if SviXiP) is not irreducible then there exists a point x ^ V \U such that 
(a|//^)*L^ is trivial, where H^ is the stabilizer of x. In the cases when G-orbits on 
V are known this allows to give a bound on the set of exceptional characters. 

Lemma 2.2. Let V be an irreducible G-equivariant local system on U . Then there 
exists a multiplicative character of finite order xv o.i^d a canonical isomorphism of 
G-equivariant sheaves on Gm x U (where G acts on the second factor): 

dil* Vc^L^^MV 

where dil : G„i x U —>■ U maps {t, x) to tx. 

Proof. The local system dil* V on Gm x C/ is G-equivariant with respect to the 
action of G on the second factor, hence we have 

dil* V~L^V' 

for some local system L on G,„ and some G-equivariant local system V' on U. 
Restricting this isomorphism to {1} x [/ we find that V' ~ V and the rank of L is 
equal to 1 . It remains to prove that L has form L^^ . To this end let us fix a point 
xq (z U and let Hi be the stabilizer of the line I = l^g spanned by xq. Then we 
have a surjective homomorphism n : Hi -^ Gm, hence there exists a homomorphism 
a : Gm — > Hi such that tt o a : Gm — > Gm is of the form t 1-^ t^ for some iV > 0. 
Now from G-equivariance we derive that the pull-back of L by tt is trivial. Hence, 
[n o a]* L is trivial, so L ~ L^^ for some xv of finite order. D 

Lemma 2.3. Let K be a sheaf on Gm such that H^{Grrm L-^ (g) K) — for every 
multiplicative character x cind every i 7^ 0. Then K is perverse. 

Proof. Since the functor RTc(Gm, ?) has cohomological amplitude [0, 1] with respect 
to the perverse i-structure our assumption on K immediately implies that ^iJ* K = 
for i y^ —1,0, while for any x one has 

iI°(G„^, L^ ® PH-^ K) = H^{G„„ L^ ® ^H" K) = 

and 

if,"(G„, L^®K)^ Hl{G^, L^ ® PH~^ K) © iI°(G™, L^ ® ph° K) 
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This implies that x{'Gm,^H-^K) = 0, hence RTc{Gm,L^ (^pR-^K) ^ for 

every x- Applying theorem of Laumon (see Proposition 3.4.5 of Q) we obtain that 

PH~^ K = Q, so K \s perverse. D 

We say that a sheaf K on G„i is !-hypergeometric if it is obtained as a multiplica- 
tive shift of the !-convolution of a finite number of sheaves of the form L^(g)L^|G„[l] 
or inv*(i;^ (g) Lw,|Gm)[l] where inv : Gm -^ &,„ : t i-^ t^^ . Recall (see e.g. Propo- 
sition 8.5.2 of 0) that any perverse sheaf on Gm has non- negative Euler-Poincare 
characteristic and the only simple perverse sheaves with zero Euler-Poincare char- 
acteristic are the sheaves of the form -Zj^II]- ^y ^ theorem of Katz every simple 
perverse sheaf with Euler-Poincare characteristic equal to 1 is !-hypergeometric. 
The following proposition is a slight strengthening of this result. 

Proposition 2.4. Let K he a sheaf onGm such that x{Grn, K) ~ 1 and Hl{Gm, L^(^ 
K) = for i 7^ for every multiplicative character x- Then K is a \-hypergeometric 
sheaf. 



Proof. It follows from lemma 2.2 that K is perverse. We use induction in length 
of K. li K is simple then the assertion follows from Theorem 8.5.3 of [Q. Assume 
that K is not simple and let Kq be a simple perverse subobject of K , so that we 
have an exact sequence 

^ Kq ^ K ^ Ki ^ 0. (2.1) 

We necessarily have xC^miKi) < 1. Suppose x{'^rn,Ki) ~ 0. Then Ki is a 
successive extension of sheaves of the form i^[l]. However, for any x one has 

Rom{K, L^[l]) ~ i/°(G™, D{K (g) L^-i [1])) ~ H^^{Crn,K ® L^-i [I])* = 

(where D denotes the Verdier duality) which is a contradiction. Therefore, x(G,n, Ki) — 
1. Furthermore, for any x the space Hom(A'i, ixl^]) ^^ asubspaceof Hom(i4r, i^t-'^]) ~ 
0. Thus, H^ (Gm, Ki(E)L^-i) = and by induction assumption Ki is a !-hypergeometric 
sheaf. On the other hand, xi'^m, Kg) = 0, hence Kq ~ -^xo[l] ^^r some character 
Xq. Notice that the exact sequence ( ^.1| ) doesn't split (otherwise, we would have 
H^{Gm, L -1 (E)K) y^ 0). It remains to use the fact that every non-trivial extension 
of a !-hypergeometric sheaf Ki by L^^ [1] is !-hypergeometric which follows from the 
fact that dimExt^(ii:i, Lxo[l]) = 1 and Theorem 8.4.7 of §. D 

Lemma 2.5. Assume that for some collections of characters Xi, iij, AJ., fi[ defined 
over finite field ko one has the identity 

Y[g(x(K o N))g{x-Hfi, o N)) = c^'''--''"^x{a)l[g{x{K ° N))g{x-Hfi[ o N)) 

for every multiplicative character x of every finite extension ki of ko, where c € Qi , 
a € kg are some constants, N : k^ -^ k^ is the norm. Then the collections {Xi) and 
(AJ,) (resp. {fij) and (n'l)) coincide. 

Proof. Both parts of the identity are multiplicative Fourier transform of trace 
functions of !-hypergeometric sheaves on Gm,. Hence, by Theorem 1.1.2 of [|2| 
semisimplifications of these sheaves are isomorphic. Looking at the monodromy 
at and oo we conclude that the corresponding collections of characters should 
coincide (see 0, Theorems 8.4.11 and 8.4.12). D 



Lemma 2.6. Let x be a non-trivial multiplicative character. Then for every sheaf 
K on A^ one has a canonical isomorphism 

Proof. One has 

H^{G^,L^(g)jlJ'{K)) ~ Hl{Gm X A\L;^(a) ® L^{at) ® plK[l]) 

where a is the coordinate on Gm, t is the coordinate on A^. Projecting to the 
second factor and using ( pT^ ) we obtain the result. D 

3. Computation 

To compute the Fourier transform of j\{L^{f) (S) Vp) we want to combine the 
information coming from G-equivariance and from the stationary phase approxi- 
mation. Technically the latter is obtained from the Picard-Lefschetz formula. The 
idea is to use the condition that F = gradlog/ induces a birational isomorphism 
from V to F^ . Let us define a rational function on F x A*^ where d = deg / by 

Rix,ti,... ,td)= , , ■ 
ti ■ ■ -Id 

We will denote by y — {x,ti,... ,td) the coordinate in V x A"* and by ^ = 
(a;^, ti,... , t^) the coordinate in the dual space V^ x A''. We denote 

Lemma 3.1. The map y i— > giad R{y) induces an isomorphism from U x Gf^ to 
U^ X GJ^ with the inverse ^ i-^ (— l)'^i?^(^)~^ gradi?^(^) where By is defined in a 
similar way as R starting from /^ instead of f . 



Proof. This follows easily from ( |l.3| ). D 

The above lemma implies that for ^ e C/^ x GJ^ the function 

Rdv)^R{y) + {y,i) (3.1) 

has a unique critical point in C/ x Gf„, namely y^ = (gradi?)~^(^). Moreover, y^ 
is a non-degenerate quadratic singularity of the corresponding level set of R^ (see 



15|, sec. 6; in particular, if characteristics of k is equal to 2 this implies that n-\- d 
is even). 

Lemma 3.2. The unique critical value of R^ is equal to (— 1) i?^(^)~^. 

Proof. According to lemma ^.l| the unique critical point of i?^ is 

y5-(-l)''i?^(0-'gradi?^(0, 

llGHCG 

(2/«,0 = {-ifR^'iO-^ ■ (gradi?^(e),0 = 
since degi?^ = 0. Hence, the critical value is equal to 

^«(%)-^(%)-^(gradi?^(e)). 

Now using ( |1.4| ) it is easy to see that 

i?(gradi?^(e)) = {-lYR''{ir\ 

u 



Lemma 3.3. For every multiplicative character x, o,n irreducible G-equivariant 
local system V on U and a point ^ G [/^ x Grf^ one has 

where J : U x Gf„ -^ V x A'' is the natural embedding, R^ : U x G^ -^ A^ is the 



morphism defined by (3.1), pu is the projection to U , the character xv "was defined 



in lemma 2.i, j'l : G„i — > A"'^ is the standard embedding. 

we can write 



Proof. Using the isomorphism (1.1 



G{x-') ® TiML^iR) ® p*uV))\^ ^ 
~ Rr,{G„, xUx Gi, L^-i (a) ® L^{aR{y) + {y, 0) <» P^V[n + d + I]) 

where a is coordinate on the first factor Gm- Now making a change of variables 
y ^^ ay and using the fact that R has degree and lemma ^^ we obtain 

i?r,(G„, xUx Gt,L^-i{a)(g)L^{aR{y) + {y,^) (g)pljV[n + d + 1]) 



RT,{Grn xUxGi, L^-i^^ (a) (g, L^{aR^{y)) (g, p^V)[n + d + 1]) 



^X XV 

RTciGrn X A\p*i^-i^^ <»L^{at)(^plR^,{pljV)[n + d+l]) 
RT,{G^,L^-i^^®jtT{R^,{plrV))[n + d]). 



D 



Lemma 3.4. For every ^ e f/^ x G^j the sheaf JlT{R^\{pljV))[n + d] on Gm is 
perverse. 

Proof The sheaf {J"^)* T{J^XL^{R) ® pljV))[n + d] on C/^ x G^ is perverse and 
relative equivariant with respect to the transitive action of G x G„i. Therefore, it 
is equal to some local system shifted by [n + d] . Now lemma ^^ implies that for 
any x the cohomology of RVc{Gm,L^ ® JlT{R(^\{p^V))[n + d]) is concentrated in 
degree zero. It remains to apply lemma |2.3|. D 



Lemma 3.5. For every ^ e C/^ x GJ^ and every i ^ n + d the sheaf ^H'' i?j!(p^V) 
is constant (up to a shift). 



Proof. This follows from lemma 3.4 and from t-exactness of the Fourier transform 



(see 113). D 

Let V = Vp be an irreducible G-equivariant local system on C/, x be a multiplica- 
tive character. The sheaf F ~ j\{L^(f) (g) V) on y is relative G-equivariant with 
characters (a,x). Therefore, its Fourier transform is also relative G-equivariant 
with the same characters. Taking into account the fact that J-'{F)[n\ is perverse we 
conclude that 

(r)*.F(j!(L;,(/)®V))c.i^-.(n®V^ 
where V^ is a G-equivariant sheaf on [/^. Therefore, we have 

( J^)*.F( J,(ix(^) ® PhV)) - G{x-'f ® L^-^ (i?^) ® P^v V^ 

where puv : U^ x G'^^ -^ U^ is the projection. Let us fix a point £_ e U^ x Gf„ such 
that -R^(C) = 1- Then we have an isomorphism of G(x"^)'^ V/, where V/ is the 
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fiber of p^vV^ at ^, with the fiber oi J^iJ^iL^iR) (^ p^jV)) at ^. Using lemma y 
we can write 

(3.2) 

Notice that this isomorphism is compatible with the grading (where degG(x^^) = 
0) so the cohomology of the RHS is concentrated in degree 0. 



Proof of theorem \l.J\ . Assume that x 7^ Xv ■ Then using lemma 2^ and lemma 3_J 
we deduce from ( |3.2[) a (non-canonical) isomorphism 

V^^H^,iG^,L^^-i(g>K). (3.3) 

where K = j'lPH''+'^ R^^XPu"^)- Let H^ <Z G x Gf„ be the stabilizer of C, H^ be 



its group of connected components. The isomorphism (3.3) is compatible with the 
action of H^ (the action on the RHS is induced by the action of H^ on V x GJ^ 
which preserves the function R^). We can write K = (BwW (E) Kw where the sum 
is taken over irreducible representations of H^, Kw are perverse sheaves on G,n. 
Then we have 

According to Grothendieck-Ogg-Shafarevich formula we have 

XdGrn-.Kw)^- ^ atiKw) - Sq{Kw) - SooiKw) 

teG™(fe) 

where for every t E P^(fc) we denote by St{F) the Swan conductor of F at t, 
at{F) — rk(F) + St{F) ~ rk(F|t). Note that all the numbers ~at{Kw) are non- 
negative since Kw are perverse (see lemma (2.2.1.1) of ll^). Furthermore, we 
have 

-at{Kw) > rkiKwhl]) - rk{Kw\t[-l]) = rk$t(X^[-l]) 
where $t denotes the vanishing cycles functor near the point t (indeed, the re- 
striction of i^vK[~l] to some non-empty open subset of Gm is a local system con- 
centrated in degree 0, hence St(ifi^[— 1]) > 0). Thus, we have an isomorphism of 
ffj-representations 

V^ - ®teGrr.MK[-l]) (B P 



for some iJ^-representation P. Note that by lemma 3.5 we have 



MK[-l]) = $t(i?5!(p^V)[n + d-l]) 



According to lemmas |3.l| and 3.2 the function i?^ has a unique critical point ya 
and the corresponding critical value is to = (—I)''. Since yo is a unique critical 
point of R^ on U X GJ^j, it is preserved by the action of H^. Hence the -ff^-module 
$to(i?5!(p^V)[n + rf - 1]) contains 

$(p^VK - 1])|,, ^ Vy,^mdn + d~l])\y„ 

as a direct summand, where $ denotes the functor of vanishing cycles with respect 
to i?^, Vyg is the fiber of p^V at j/o- Furthermore, since j/g is a non-degenerate 
singular point we have according to Picard-Lefschetz formula (see S) that L — 
*&(Q;[" + d — l])|yo is a one-dimensional vector space concentrated in degree 0. 
Note that the isomorphism of H^ with Hyg induced by the action of H^ onU x Gf„ 
coincides with the isomorphism between Hp^y(j) and Hp^^^y^^ considered before. 
Let us denote by H any of these group. The fl^-representation V^ contains Vy^ ® L 
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as a direct summand. The action of H on Vj^^ is given by the representation p 
where V = Vp. On the other hand, the space of vanishing cycles L has a canonical 
generator up to a sign. This implies that the action of H on it is given by some 
character e : iJ ^ {±1}. According to lemma 2 for almost all x the local system 
V^ is irreducible, hence VX coincides with its direct summand Vy„ ® L, so we have 



V^ ~ Vp^e ■ This proves part (a) of Theorem ( |l.l[ ) 



Now invoking the isomorphism ( 3_^ ) which holds for all characters x we deduce 
that 

j*J^(i?^,(p^V))[n + rf] = (p ® e) M (3.4) 

for some sheaf M on Gm such that RTcjGm, Ly ( g) M) is concentrated in degree 
zero for all y, and xi^nnM) = 1. By lemma \iA\ M is perverse, hence, applying 



proposition 2A we conclude that M is a !-hypergeometric sheaf. Thus, for every 
character x we have a canonical isomorphism 

{j-^YTrXL^if) (g> Vp) ~ Gix-'y'^' ® ^c (G™, L^-i^^ ® M) ® L^-i{r) (g> Vp^e- 

(3.5) 

This finishes the proof of theorem ([L1|). 

An additional information that we get from the above argument is recorded in 
the following lemma. 

Lemma 3.6. The sheaf R^\{p1jV) is tamely ramified on P^ and is smooth on G,,, \ 



Proof of theorem Li. Let M be the !-hypergeometric sheaf defined by (3^). If ^ 
is a fco-point then M is defined over k^. It follows that for some a ^ k* the sheaf 
[a]*M (where [a]{b) — ab) is isomorphic (forgetting the action of Frobenius) to the 
[-convolution of sheaves of the form L\. (g) L^[l], i — 1, . . . , mi, inv*(L^^ (g) L^)[l], 
j — 1, . . . , 7712, where A^ and iij are multiplicative characters of some finite extension 
fcn of ko. First we claim that nii = m2 + 1 and a = (— 1)'"2+''. Indeed, lemma 



3.6 implies that !F{ji\M) is tamely ramified on P and is smooth outside (— 1 



But !F{j\\M)\iQ^ is the !-hypergeometric sheaf obtained by a multiplicative shift 
by a^^ of the !-convolution of the sheaves 2v^[l], L^. (g) L^[l], j = 1, . . .7r72, and 
inv*(iA; (g)L^)[l], 7 = 1,... , mi. According to Theorem 8.4.11 of [Q such a sheaf is 
tamely ramified only if t^i — 77i2 + l, and smooth outside (—1)''+^ only if (— l)™ia — 
'^+^, which proves our claim. Taking traces of Frobenius acting on both sides 






of ( p. 51) we get the equality of the form 

Tr((p®6).v)x-i(r(a:^)) (3.6) 



K=i' 9{X-HK ° N)) n7Ji g(x(M;- ° N)) 



for every a;^ G [/^(fci) where fci is a finite extension of k^, N : kl -^ (ko)* is the 
norm, J^ki is the discrete Fourier transform on V{ki) defined as follows: 



.Ffc,(0)(x^)-(-l)"9-^ V 0(a;)7A(T(x,x^)) (3.7) 



a:eV(fei) 



where 5 = |fci|, T : A:i — ^ fco is the trace. Note that for generic x the sheaf 
j]Ly^{f) Vp is pure of weight 0. Since the Fourier-Deligne transform sends pure 
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sheaves to pure sheaves raising weights by n we find from ( |3.6[ ) that the constant c 
should be of weight d — 2to2 relative to | fco | . 

It remains to get rid of the denominator in the RHS of ( |3.6| ), i.e. to prove that 
d+ 1 of the characters A^ are trivial. The idea is to compute the Fourier transform by 
a different method to obtain an equality similar to (3.6) but with the denominator 
in the RHS only containing Gauss sums of the form gix^^Xi) with Xi non-trivial. 
Then lemma 2.5 will imply that the denominator in (3.6) can be cancelled. 

Let us fix non-trivial multiplicative characters Xi; ■ • ■ ? Xd of fcg and consider the 
smooth sheaf 

on U X Gf„. We want to compute the Fourier transform of the sheaf J\{L^{R) V) 
on Vd — V X A'^ using the Radon transform (see e.g. Lemma 3.3.9 of Q). Since R 
has degree zero we have 

TJ\{L^{R) «) V) ~ njf{L^iR) (g) V) := p2\{p*iJ\{L^{R) ®V)®uj)[n + d] 

where lo is the sheaf on Vd x V^ defined as the cone of the natural adjunction 
morphism eieQ; -^ Q; for the closed embedding e of the affine hypcrplane Q = 
{{y,C) ■ {y,0 = 1} into Vd X y/. Note that the stabilizer H^ oi ^ e V^ acts on 



Vd preserving Q H pj (Oi hence the sheaf u;^ :— ^L-ifc-) is -ff^-cquivariant and the 
isomorphism 

T{J\{L^{R) ® V))\^ ~ RTciU X G^, L^{R) ®V ® J*uj^[n + d\) 

is compatible with the i/^-action. We can write 

RTc{U X Gt, W{R) ®V® J*Lu^[n + d]) ~ RTc{Grn, L^{R) ® /C^) 

where K,^ = R\{V iS) J*uJi^[n + d]). Choosing ^ in the form (x^; 1, . . . ,1) where 
f^ix"^) = 1 we obtain that 



HMLM)^v))U 



)G{x~\^)-'<»Rrc 



i,l^e 



i=l 



We have an iJ^-isomorphism /C^ ~ (p® e) (g) K^ and by propo siti on |2.4| the sheaf K^ 
is !-hypergeometric. Thus, we obtain the equality similar to (3^) but with constant 
factor of the form 

t,,,,, Ut\9ix-HKoN))U%9{x{Jl,oN)) 

UU9{x-'{x^oN)) 



Since the characters Xi ^^^^ non-trivial we can finish the proof of (1.7) by applying 
lemma ^.5l 



It remains to prove the last statement of Theorem |1.2| . Let us fix p. Fo r ev ery 
finite extension fcg C fci and a character x of fcjj' we can write the equality (L7) in 
the form 



where 



for X e U{ki), 



(j)^{x) = TY{p,^)x{f{x)) 



<i>l{x^) = Tr{{p®e),.)x-\{-irr{x'')) 
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We want to prove that if x is different from all the characters Xi o N, /ij o N 
then !Fki{j\4>x) is zero outside C/^(fci). First we claim that one can assume fci to 
be sufficiently large. Indeed, assume that there exists a finite extension fci C k'^ 
such that for every finite extension k'^ C fc2 the function J'k2{3\4'x°Nk ik ) vanishes 
outside U^ {k2). This implies that the sheaf JF(j!i^) is zero outside J7^ (by Theorem 
1.1.2 of |13|), in particular, Tki{j\4>x) vanishes outside t/^(fci). Now we can choose 
fci large enough so that there exists a character xo of k\ (different from all the 
characters Xi o N and fij o N) such that 



(this follows from theorem |Ll| (a)). Using the identity ||.?^fci(0)|| = ||(/>|| we derive 
that 

U^xo\\ = \Cxo\-\\jr^xo\\ (3.8) 

Now the statement follows imeediately from the fact that the norms ||J!0xll ^^'^ 
\\j\^4>x\\ do not depend on x- Indeed, assume that x is different from all the char- 
acters XiO N and fij o N. Then we have |C^| = IC'^oIj so we can replace xo by x in 
the equality (pTq). It follows that the norm of the function J^ki {j\4'x) is equal to the 
norm of its restriction to L/^(fci), hence this function vanishes outside U^{ki). D 



Proof of theorem 1.4- By irreducibility it suffices to prove the isomorphism of 



restrictions of sheaves in both sides to C/^ x G^™^'*- The idea is to combine (1.7) 
with the simple identity 

(1 - 9) • V(a)A(a) = Y. .9(A^)^"' (a) (3-9) 



where a £ fcj', A is a character of fc^, the sum is taken over all characters of fcjj', 
by abuse of notation we denote by ip the additive character of ki composed of the 



trace and ip- Applying ( |3.9|) we get 



(1 -<?) • (?)*^.j!(^( ^f ^"^^ - -""' )(X ° ^)( ^f ^"^; - -""^ ) Tr(p(r.)) X 

n V'(^^0n^7'(^"^)) =E-9(KX°A^)) • (?r.^fcj!(^"'(/(^))Tr(p(r.)) X 

i j V 

n(KAr' o miu) n(KA*. o ^))^'(%-))- 

Here JF/cj denotes the Fourier transform on {V x A^'"+'^)(/i;i) defined by a formula 



similar to (3.7) but with n replaced by n + 2m + d, N : kl —f (fcg)* is the norm. 
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Now applying ( |1.7D we can rewrite this as 
^[fc.:feo] . q-2ra-a . ^ ^(^(^ „ N))v{{-ir ^^ ^P""]' ' ' "^ ) Tr((p6)(r.v )) X 

i J 

C'^--^°' . Y: g(Kx ° iV))K (-^)"^y"(">i ■■■< ) Tr((pe)(r..v )) x 

j^ t]^ . . . I^^^; 

A/ 

i j i=l 

where the coefficients mi e Z do not depend on the extension fci, tk-^{Fi) are the 
trace functions of some simple perverse sheaves which are relative equivariant with 
respect to the natural action of Gm x G^"'"'' on U x G^"'"'' (where the first factor 
Gm acts on U by dilations). Finally we can use ( p^ ) again to deduce the following 
equality 

U ) ^kJ'Xi^i— 7 ){X°N){— )Ti{p{r.^))x 

II • • • Im+d ll ■ ■ ■ Im+d 



nv'(A^^.)nA^7'(^%-)) 



J 



/ -|^m+dy-V j-V / -|\m+dj.V -*V 

'[ki:ko],i,(LJJ. ^±ii:^in±£)(y o N)(-— ^ ■■■^m+d . 



C^'^'-'M Jr v^ v'" V )(x°iV)( ^ J. v^ v'" "+' ) Tr((p6)(r.v )) x 



Af 

n A»(^(-ir)) n M. (A^(-«j)) + E '"^*'«i (^^)- 

The LHS of this identity is the trace function of the sheaf 

Ci . . . vm-\-d 



where 






Hence, it differs from the trace function of the sheaf 

by a linear combination of trace functions of simple perverse sheaves (up to shift) 
on C/^ x G^'"+'^ which are not isomorphic to F. Assume that F ^ 0. Then it is a 
simple perverse sheaf (up to shift), hence by Theorem 1.1.2 of ||l^ it coincides with 
one of the sheaves corresponding to terms in the RHS. It remains to prove that 
F y^ and F is not relative equivariant with respect to the action of Gm x G^"'"'^. 
Note that the sheaf F is the image of the morphism of perverse sheaves Fi -^ F^ 
where Ft (resp. F») is defined by the same formula but using the l-extension (resp. 
*-extension). Let us consider the action of Gm on V x A^'"+'' (resp. on V"^ x A^"'^'') 
such that for t g G™ the corresponding operator (3{t) : V x A^"'+'^ — > V" x A^™+'' 
(resp. P'-^it) : V^ x A^"'+'^ ^ V'^ x A2™+'^) multiplies the coordinate h (resp. t^) 
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by t and leaves all the other coordinates unchanged. Let us denote by Q the map 
from U X G2™+'i to G™ given by 



(t/t^X, ti , . . . , tj77,-|_c;, Zii , . . . , Um) 



f{x)ui ...Un 



tl . ■ ■ tm+d 

Let us fix ^ e [/^ X Gll"+'^ and denote by Qj : L/ x ^11"+'^ -^ A^ the map given by 
Then we claim that there exist a commutative diagram 



F4t(3''{t)^)(g,L^^i 



where rows are isomorphisms, t is the coordinate on G 
obtained from the following sequence of isomorphisms: 

J'{{Q^yC)\t ^ h:{U X GlT^'',L^{tQ^{x))^£{x)) - 

~ h:{U X (G^"+^ L^(g(/3(i)-iJ) + {x, tO) ® £(5?)) 



(3.10) 



•^((Q?)*^)Ig„ 

. Indeed, the first row is 



h:{u X 
h:{u X 



~^2m+(i 



L^((3(x) 



(/3(t)5?,te))®/:(/3W5?))^ 
i'^+',L4Q{x) + (2?,t/3^(i)e)) ® £(5?)) ® i;,-i|* c^ 

Similarly, one constructs the lower arrow in the diagram ( |3.10 ) and the commu- 
tativity can be easily checked. Thus, it suffices to prove that the image of the 
morphism 

is not a smooth sheaf on G„i ■ By exactness of the vanishing cycles functor it suffices 
to prove that for some point to e G^ the natural map 

1>t„iQdiC ^ 1>toiQi)*C (3.11) 

is non-zero, where $(q denotes the vanishing cycles functor at to- This follows from 
the fact that there exists a unique non-degenerate critical point of Qe in U x (G^™+'* 
with non-zero critical value to (this can be checked as in lemmas |j and 3.2) and 



Picard-Lefschetz formula. Indeed, according to this formula the non-degenerate 
critical point gives a one-dimensional direct summand in both ^toUQ^)'.^) ^nd 
$t„((Q^),£) which maps identically under the morphism (3.11). D 
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